In this paper, we obtain the circular summation formulas of the theta function ϑ 4 (z|τ ) and show the corresponding alternating summations and inverse relations. Some applications are also considered. MSC: Primary 11F27; secondary 33E05
Introduction
Throughout this paper we take q = e π iτ , Im(τ ) > , z ∈ C. The classical Jacobi's four theta From the Jacobi theta functions (.)-(.), via a direct calculation, we also have the following transformation formulas:
From the above equations we easily obtain
(.)
(.)
From (.)-(.), we can obtain the following lemmas.
Lemma . For n any positive integer, we have
n is even, i n- ϑ  (z|τ ), n is odd, (.)
, n is even, -i n- ϑ  (z|τ ), n is odd, (.)
, n is even, ϑ  (z|τ ), n is odd, (.)
, n is even, ϑ  (z|τ ), n is odd. 
By the definition of Ramanujan's theta function above and routine calculations, we can rewrite Ramanujan's circular summation (.) as follows (see, for details [, p.]).
For each positive integer n and |ab| < ,
where
If we are going to apply the transformation τ − → - τ to Ramanujan's identity, it will be convenient to convert Ramanujan's theorem into one involving the classical theta function ϑ  (z|τ ) defined by (.). Surprisingly Chan et al. [] prove that Theorem . below is equivalent to Theorem ..
Theorem . (Ramanujan's circular summation) For any positive integer n ≥ ,
When n ≥ ,
Chan et al.
[] also showed that Theorem . below is equivalent; we have Theorem . by applying the Jacobi imaginary transformation formula [, p.].
Theorem . (Ramanujan's circular summation) For any positive integer n, there exists a quantity G n (τ ) such that
Ramanujan's circular summation is an interesting subject in his notebook. On the subject of Ramanujan 
In the present paper, motivated by [, ], and [], by applying the theory and method of elliptic functions, we obtain the circular summation formulas of theta functions ϑ  (z|τ ) and show the corresponding alternating summations and inverse relations. We also give some applications and derive some interesting identities of theta functions. http://www.advancesindifferenceequations.com/content/2014/1/243 2 Ramanujan's circular summation formula for theta functions ϑ 4 (z|τ )
In the present section, we obtain Ramanujan's circular summation formula for the theta functions ϑ  (z|τ ). We now state our main result as follows.
Theorem . Suppose that m, n are any positive integers, p is any integer; y  , y  , . . . , y n are any complex numbers.
•
Proof Let f (z) be the left-hand side of (.) with z − → z mn
. We have
By (.) for n = , we easily obtain
Comparing (.) and (.), we have
By (.), we obtain
We construct the function
, by (.) for n = , (.) and (.), we find that the function
is an elliptic function with double periods π and πτ and has only a simple pole
is a constant, say
, (y  , y  , . . . , y n ; τ ), and we have Equating the constants of both sides of (.), we get (.).
• When
, by (.) for n = , (.) and (.), we find that the func-
is an elliptic function with double periods π and πτ and has only a simple pole at z = πτ  in the period parallelogram. Hence the function
, (y  , y  , . . . , y n ; τ ), and we have
in (.), and then setting
we arrive at (.). Similarly, we may obtain
The proof is complete.
In the following we will prove that the following main result of Chan and Liu is a special case of Theorem .. 
, noting that p is any integer, hence we say that mn is even. Setting
of Theorem . and applying the properties (.) and (.), we have
, noting that p is any integer, hence we say that mn is odd. Setting
in (.) of Theorem . and applying the properties (.) and (.), this leads to the following:
Obviously, by (.) and (.), for any positive integers mn, we obtain (.).
We easily see that the R
, (y  , y  , . . . , y n ; m, n; τ ).
Remark . Obviously, Theorem . implies the well-known result (.), but we see that from (.) we do not obtain Theorem .. However, we can reformulate the results of Chan and Liu as Theorem ..
Suppose that m, n are any positive integers, p is any integer; y  , y  , . . . , y n are any complex numbers. http://www.advancesindifferenceequations.com/content/2014/1/243
3 The imaginary transformations formulas for Theorem 2.1
In the present section, we derive the corresponding imaginary transformations formulas for Theorem ..
Theorem . Suppose that m, n are any positive integers, p is any integer
; y  , y  , . . . , y n are any complex numbers.
, and then z − → z mnτ
Applying the imaginary transformation formulas (see, e.g.,
to (.), via the suitable substitutions of the variable z and τ and noting that
, and simplifying, we thus obtain (.) and (.). Applying the series expressions (.) and (.) in (.), via the direct calculation, we obtain (.).
In a similar manner, we use the imaginary transformation formula:
and (.), and noting that
, we can prove (.), (.), and (.). Therefore we complete the proof of Theorem ..
The alternating Ramanujan's circular summation formula
In this section, we will obtain the corresponding alternating Ramanujan's circular summation formula from Theorem ..
Theorem . Suppose that m, n are any positive integers, p is any integer; y  , y  , . . . , y n are any complex numbers.
By using (.), (.), and (.) we compute • When y  + y  + · · · + y n = , we have
m is odd and n is even.
, we have
m is odd and n is even. (  .   )
• When y  + y  + · · · + y n =  and m, n are odd, we have
Proof If mn is even, setting p = - 
Corollary . Suppose that m, n are any positive integers. We have
mn- k= (-) k ϑ n  z + kπ mn τ = i -mn R , (m, n; τ )ϑ  mnz|m  nτ , m is even, (.) http://www.advancesindifferenceequations.com/content/2014/1/243 mn- k= (-) k ϑ n  z + kπ mn τ = i -mn R , (m, n; τ )ϑ  mnz|m  nτ , m
is odd and nis even,
(  .   ) mn- k= (-) k ϑ n  z + kπ mn τ = i mn- R , (m, n; τ )ϑ  mnz|m  nτ , m, n are odd, (.) mn- k= (-) k+ ϑ n  z + π mn + kπ mn τ = i -mn R , (m, n; τ )ϑ  mnz|m  nτ , m is even, (  .   ) mn- k= (-) k+ ϑ n  z + π mn + kπ mn τ = i -mn R , (m, n; τ )ϑ  mnz|m  nτ , m
is odd and n is even, (  .   )
where R , (m, n; τ ) = mn Setting n =  in (.), we have and m is even, we have
Remark . Setting m =  in (.), we have
and m is odd and n is even, we have
and m is odd and n is odd, we have
and m is even, we have
and m is odd and n is odd, we have • When y  + y  + · · · + y n =  and m is even, we have
• When y  + y  + · · · + y n =  and m is odd and n is even, we have • When y  + y  + · · · + y n =  and m is odd and n is odd, we have
Here R , (y  , y  , . . . , y n ; m, n; τ ) = mn 
Proof We set y  = y  = · · · = y n =  in (.), (.), and (.) of Corollary .. We take Remark . Equation (.) of Corollary . is an extension of Boon's result. On taking n =  in (.), and noting that R , (m, ; τ ) = m, we have
which is just Boon's result (see [, p., the second identity of ()]).
Remark . Equation (.) of Corollary . is also an extension of Boon's result. On taking n =  in (.), and noting that R , (m, ; τ ) = m, we have
which is just Boon's result (see [, p., the first identity of ()]).
Remark . Equation (.) of Corollary . is an alternating summation of Ramanujan's circular summation. Taking m =  in (.), we have
Remark . We note that Boon's result (see [, p., the first identity of ()]) has a misprint, we have here corrected this point in our formula (.).
Remark . If we make the transformations
, and using the transformation formulas (.)-(.) for Theorem ., we can also obtain the corresponding alternating circular summation formulas. • When
and n is even, we have
We easily obtain by using the first and second identities of (.) for n = , respectively: Comparing the constants of both sides of (.) and noting that y  + y  + · · · + y n = pπ + nπ  , we obtain (.) of Theorem ..
in (.) and n is only even. From (.) and (.), we have • When y  + y  + · · · + y n =  and n is even, we have
Proof If n is an even, setting p = - 
(.) http://www.advancesindifferenceequations.com/content/2014/1/243
Setting n =  in (.), noting that y  + y  =  and a
Setting n =  in (.) noting that y  + y  = π  and a 
